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I. INTRODUCTION

This report is the third in a series reporting investigations into
the use of statistical correlation techniques in combining the voltages
induced on the elements of a receiving antenna array. Frevious
reportsl’ 2 have dealt with the use of correlation methods in analyz-
ing a normal linear array and with the employment of nonlinear pro~
cesses in the antenna circuitry. The present report continues the
analysis of the nonlinear processes in these arrays when both signal
and distributed noise sources.are present,

The signal and noise sources induce voltages on the elements of
a linear antenna array. These voltages are then combined, using
summation and multiplication methods, to produce a single array out-
put voltage. When two voltages are multiplied, and then are passed
through an averaging device, the resulting voltage corresponds to

the statistical correlation coefficient:

AT
Ri{v) = lim ‘zl'f S' v(t) v (t#71) dt.
T—— o -T

For this reason, analysis of antenna arrays in which multiplication
occurs is facilitated by the powerful tools of probability theory.

In this report the effect of distributed noise is analyzed, resulting
in an expression for element spacing which will minimize the undesired
noise voltage induced on the array. Channel capacities of linear and
of nonlinear arrays are then compared. These results are employed
to construct nonlinear arrays which will optimize the signal-to-noise
ratio or will provide a minimum beamwidth in the antenna directional
pattern.

1. EFFECT OF DISTRIBUTED NOISE ON THE NONLINEAR ANTENNA

SYSTEM

The following assumptions will be made:

1. uniform distribution of independent random noise sources;

Z, noise sources in an element d2 induce a noise power
!
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ndQ watts/cps in an isotropic antenna element;

3. antenna element and associated circuitry have a rectangular
passband of bandwidth B, center frequency fo’ with f0>> B.
Then the autocorrelation function of the noise voltage induced

on an antenna element is

_— sinwBs .
4111(5)) = :ﬁmxIZHsb = 4wBn —po— cOS w8

_ R_(o) sinwBs

cCoS w 8
n wBs o

where Rn(()) represents the average noise power,

With two identical isotropic elements, separated by a distance
d, the voltage induced on one element by the noise sources in an
angular area df? differs from that induced on the second antenna

element only by a delay time r.

T :-—c¢cos 0

The same average power, Rn(O), 1s induced on each element.
The autocorrelation coefficient of the noise voltage on each element
is the same,

The cross-correlation coefficient becomes:

¢12(s) = k12t$xzitﬁ7 = xl(t)xl(t+'r+s)




2w w .

sinwB(T + s) .

_ S‘ y B ZB(715) cos wo('r+s) sin 0 dO0 d¢
o) o

sin‘nB(-g- cos O + s)

[
- d .
= 2B yo (wB% cos 0 + s) cos w_ (-E- cos @ + s) sin 8 d©

This can be integrated to yield:

4, fs) =5 R (0) S {80+ )ERS 4 wBs)] -sil (k1) Z2L 4 wBs)]

-si [T 4 wBe)] + sif (k-1)(T2S 4 wBs)])
[
where k = 1-?%— and Si{x) is the sine integral.

By the symmetry of the integrand and of the range of int egration

it is evident that
kle(S) = xz(t)xl(t+ S)) = xl(t'*"r))xl(t'*'s» = 4’12(5)

Under the usual conditions of f0>> B, and for other than very close
element spacings, this expression for the cross-correlation coefficient

can be considerably simplified. Under these conditions, approximate
w coSs x

Si(x) by7 - and , after some manipulation, find
. Bd ., mwBd
sin k(E22 ) sin("=21) :
by (8) = R (0) ——p© B, BI85 cosw s
k('——) (——
sin wBs
= Rn(-r) wBs— CO0S w8
w d
sin(-2—) sin(ziéB—i )
where Rn(T) = Rn(O) = ot
(2o%) (T2
c
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Since in most cases k>>1, while d, at the most, is a few wavelengths,

the last factor, sin(’i?)/("‘i%‘.i. ), will have very little influence on

the expression; and the cross=-correlation coefficient can be considered

wd wd

to be a function of sin(——%—~ /¢ -—OE——- }. It should be remembered that

the approximation used to simplify the sine integrals in the original

equation is not valid for small values of element spacing, d; and,

in the event of close element spacings, calculation of the cross~cor-

relation coefficient would require use of the exact equation.
Calculation of noise voltage and noise power present at the

output of a simple nonlinear array will demonstrate the considerations

which must enter into a specification of antenna element spacing. ‘

Take for example a four-element array:

I 2 ‘ 3 Y 4
(1) ng(t) 3(“ n4(t)

n, n
= X
‘ l V(Jt)
AVG.
Jf Yit)

The noise sources are assummed to be uniformly distributed over the
surface of a unit sphere surrounding the array. Then the average

value of outbut voltage, Y(t), becomes:

I(E)

V) = O e 1)
Ro(ria)Ra{magh+ R(Ti )R (7,0 + R(7 1 )R (753)

Then, as shown in a previous section, the average value of output

power is:

ey T
Y(t)© = _,Zf 50 (1“,%) VEIV(E+5) ds



But, with four elements,

V(t)V(tts) = nl((t)nZ(t))n3(t))n4(t)n1(t'+s)nz(t+sfn3(t+s))n4(f+s)

And, when expressed as multiples of the correlation coefficients

of the element noise voltages,; this results in an equation with some 105

terms. However, its spacings are selected to make q:ij(s) = 0,
(i £ j), then
: 4 4 sin w Bs,4 4
V{t)Vitts) = [4’11(5)] = Rn(O) (-;;Efg‘“) cos  w,s

and the output power can‘be readily evaluated. Spacings which give this
result are multiples of a half-wavelength at the center frequency, fo'

Since the cross-correlation coefficients.can assume both
positive and negative values, it is conceivable that some decrease
in output noise power could be realized by appropriate changes in
element spacings after a study of the complete expression for V{T)V(t+s)
under the existing conditions of noise source distribution. However,
the above method of considering all cross-correlation coefficients
as zero gives a quick evaluation of output power which, by the very
nature of the sin x/x function, is subject only to minor modification
by more detailed considerations.

This development of the output noise power from a nonlinear
array does not give the complete description of the operation of
this type of array when it is used to detect a signal buried in a
general noisy medium. Because of the multiplicative operations
performed in the antenna circuitry, there will be an interaction
between signal and noise which can appear as an undesired component
of the output voltage.

This interaction will be shown by considering a simple two-
element correlation array. Assume a single signal cource induces
a voltage which is in phase on each element, and a uniform spherical
distribution of noise sources induces undesired noise voltages on the

elements,

!u5r!'



v, (t) Vylt)

AVG.

o

V,(t) = S{t) +nt)

Then

Vz(t) = S{t) + nz(t) = S{t) + nl(t + le).

TH = sXt) + SETETF 8y + o
- sPt) + R (v),) = ST + W,(0)

If the element sp'acing is chosen {multiple of a half wavelength) to

make 4112(0) = 0, then the voltage in the output circuit due to the
signal is

YE = s4t)

Noise power, N, in the output circuif, can be determined from

T
N = é g (t-=) [ YEOIEFS) - v(t)% | ds
0
T T
= v?i« go (1 -=) {S%(t)s%(t+s) + B(EIS(EFs) [n(0)m (E45)

+ TSTERTEFE) 1+ TyEmo R (CFeTErs) - SA(£)S()} ds

retaining only terms whose expectations are nonzero,



If the signal voltage induced on a single element is a simple
sinusoid, S = A cos wt, then the signal voltage in the output circuit
is

1,2

th; = —Z A »

The signal power in the output circuit is

1,4
P=-4-A .

and the noise power is

T .
2 2 in «B 2 Bs. e
N :T-)o { - ET>{ (A% cos ws)(R,(0) %Eﬁlsr'j cos wel+R (0 Y Tm=""cos ws) Jde

Since f0 >> B, the ac component of the noise will be essentially zero

in averaging times such that BT>1, So only the low frequency component

of the noise power in the above equation need be considered.

2 (7 s Aan(O) sin wBs Rn(O)‘2 sinz,ﬂBs
N = & (1-=){ + ds
T Z wBs Z
0 (wBs)

For large values of BT, this can be approximated by

Rn(())2 1

N = BT

AZRn(O) 1 +
—zZ BT
So the noise power appears'not only as a result of the noise sources
alone (last term) but also as a result of the interaction or signal

and noise voltages (middle term).

This total noise power resulting from the interaction of signal
and noise voltages may well be greater than that caused by the noige
sources alone. For this two-element nonlinear array and under
conditions of unity signal-to-noise ratio on an individual element,
the total noise pocwer resulting from the cross multiplication is
twice the noise power caused by the noise sources alone,

Nonlinear arrays of this same type (combining network composed
of produce circuits only), but with greater numbers of elements, will

have additional noise power terms resulting from this cross

~



This is summarized in

multiplication of signal and noise voltages.

In this table, the level of multipllica,tioh refers

the following table.

to the number of times the voltage induced on an element undergoes

multiplication before reaching the output circuit.
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Vi. NONLINEAR ANTENNAS AND CHANNEL CAPACITY

A direct comparison of the effect on channel capacity of the
linear and nonlinear antennas is complicated by the change in
dimensionality of the message space effected by the mﬁltiplica.tive
and a.veraging processes, A comparison is posgible, however, between
the nonlinear antenna system and a linear antenna with an associated
square law circuit,  The signal-to-noise ratios in the outputs of
these two systems can show the effectiveness of the nonlinear antenna
system as related to the familiar linear antenna system,

Consider an antenna array of p elements, spaced so the random
noise voltages induced on any two elements are uncorrelated. Then,

' if & is the voltage induced on each element by a signal cource in the
main lobe, and n, is the random noise voltage induced on the i-th

element, the voltage from the linear array is

VL = p8+§‘ n, .

After squaring and averaging

v 2
Y =V =p

2T .
L 8 4 pRn(O,).,

But if these p elements are split into two groups of P and P, elements
respectively (p1 +Pp,= P), and the voltages of these two gub-arrays
are multiplied and averaged, the output of this nonlinear array become s:

Py | p
-2
Inp = (P8t igi n)pos + G2y my) = pypys

The noise pow‘er in the output of each system will depend on the
type of signal source. Two guch sources will be examined: (1) a ran-
dom signal source with a Gaussian distribution, and (2) a simple
sinusoid, 8 = A cos wt. Then, in terms of the signal-to-noise power

ratio, % ,



1. s Gaussian,

2
Linear Array (N) out =~ BT<_S'N) inl e— Sl
\flﬁ) in * —(ﬁ)x‘i +“—2
p
Nonlinear Akray (§N) out -~ BT('SN)Zin[ Z%EP_% S
2P PolR) jn + PIR) 1
when P; = Py = '%
S _ S.2
(N) out BT(_ﬁ) in [ 4 12 S 2 ]
(R i * -5(-—1;1) t =
p
2. s8=Acosuwt."
_ S.2 1
Linear Array (N) out BT(’N)in [ 1 ¢ .S ]

2p,p
Nonlinear Array (’1S§I) out = BT('?N)’iZn [ 1.2 ]
in

L]

=p, =L
whenpl_pz_2

S S,2 1
) out = BTIR m[_z_r 25 ]
D p ‘N’ in

where (%) in refers to the signal-to-noise power ratio induced on a

single element of the array, and (%) out refers to the signal-to-noise
power ratio at the output of the antenna array combining circuit.
When the signal-to-noise ratic and the number of elements are

such that their product is large [p(%) in >> 1], the output signal-to-noise

-10-



ratio is approximately the same for both arrays:

(%) out BT(%) 1n(%)
In this case, the channel capacity would be expecied to be the same
for both arrays if the same number of elements, p, were used in
each,

When the signal-to-noise ratio and the number of elements
are such that their product is small [p(%)) in<< 11, the output signal-

to~-noise ratips become:

. S S.2 2
Linear Array (—N) out ¥ BT(—N) in (p ))

. S S.2 pZ

Nonlinear Array (——N) out ¥ BT(-—N) in (-2—-)
Now the channel capacity of a nonlinear array is not so great as that
of a linear array with the same number of elements, p.

This analysis has tended to ignore one very important aspect
of the nonlinear array. The average output voltage of the linear
array (YL) will contain a component proportional to the signal and
a component proportional to the noise; the average output voltage of

the nonlinear array (Y L) has no component which is independent

of the signal. This emI\;I)ha.sized the real difference between the linear
and nonlinear arrays; the nonlinear array will generally be capable
of a smaller channel capacity than the linear array, but in the final
output voltage the effect of the random noise sources can be made
arbitrarily small in the nonlinear array, while this is not possible

in the linear array.

w1l



VII. DESIGN OF NONLINEAR ARRAYS

A. Basic Considerations

The preceeding analyses form the basis for certain conclusions
regarding the employment of antenna arrays which utilize nonlinear
processes in the combining network:

1, Random noise voltages induced on the antenna elements can
be reduced to any desired level by proper element spac'in'g and by
averaging for a sufficiently long interval. Noise power is approxi-
mately inversely proportional to the averaging interval, BT,

2. Cross multiplication processes in the antenna circuitry will
introduce additional noise terms resulting from interaction of signal
and noise voltages, of different noise voltages, or of different
signal voltages. These added noise terms attain their minimum
values when the level of multiplication is limited to one.

3. When the level of multiplication is greater than one, the
interaction of two or more independent signal sources will introduce
components in the output voltage which cannot be reduced by averaging.

4. The examples of nonlinear antennas considered have demoxn
strated directional patterns with main Iobes significantly narrower than
those obtainable from linear arrays of the same size.

5. The nonlinear array is not always efficient in a general
commuynication system, but offers particular advantages to a system
in which narrow beamwidth is paramount.

These general conclusions will be the basis for the design of
nonlinear antenna arrays., The difficulties which arise when the
level of multiplication exceeds one outweigh any apparent increase
in directivity which might be obtained. Therefore, the combining
network will be a combination of addition and multiplication circuits,

with the level of multiplication limited to one.

-12-



B. Products of Linear Arrays.1

If we consider a uniform array of n equally spaced isotropic
elements, the simplest type of nonlinear antenna which can be con - )
structed (with level of multiplication equal to one) is that in which
the elements are formed into two linear arrays wh ose output voltages
are then multiplied and averaged. There are, of course, a number

.of different combinations of the elements which can be realized in

accomplishing this. H}
d,— |
\% V=== \% \Y V=== y
™ Bl —~ ! ~ T ‘
n; ELEMENTS n, ELEMENTS

I 1

! {

P d, -
I

For two groups, containing n, and n, elements respectively, so that
n:&n.l + N, and with spacings d1 between elements and d2 between

group centers, the directional patterns can be written:

sin n1(¢/ 2)
Pn1(¢) = WS

_ sin nz(\p/ 2)
Pn2(¢) - i, s (P72

and sin 111(!.[)/2') sin nz(\p/Z) d,
P ) = oSt (972) <n2 e (qJ/Z)) cos (a';““)

1 Welsby, V.G., and Tucker, D, G., "Multiplicative Receiving
Arrays, ' Jour. British IRE, pp 369-382, June 1959

-13-



The two parameters controlling Pn(tp) are

1. the total number of elements, and

2. the number of elements in one of the groups.

Pn(\p) is equal to unity when = 0. Each term in the expression
for Pn(lp) will introduce zeros into the directional pattern. The first
and second terms will have zeros equally spaced along the {-axis at
intervals of 21r/n1. and Zvr/n2 respectively, There are [(rxl-1)+(n2-1)-= n-2]
such zeros between y=0 and y=2r. Assuming there is no overlapping
of the two groups, dz/d1 =n/2; the final term in the directional
pattern, cos(dz-/dl)tp =cos ny/2, has n zeros in the interval between
Y =0 and ¢ = 2m.

It is evident then that a uniform nonlinear array with ntn, = n
elements will have a directional pattern with 2(n-1) zeros instead of
the (n-1) which would be available for a simple n-element linear array.

The cos ny /2 factor in the directional pattern is the important
innovation of this type of nonlinear antenna. This factor will cause
the pattern to pass through zero for ¢ = w/n, regardiess of the manner
of splitting the n elements into two groups. If these n-elements were
utilized as a uniform linear array, the first zero would occur at

Y= 2w/n. Thus the beamwidth of the principal lobe of the nonlinear
array is approxirriately—% that of a linear array of the same size,

Since the location of n-2 zeros will depend on the choice of n
and n,=n-mn, a number of directional patterns are possible for
any fixed total number of elements, n. Figure 1 compares the
directional patterns which result when n = 6,

Variation in element spacing could influence all of the terms in
the equation for the directional pattern of the array. Figures 2 and
3 demonstrate this effect, showing the directional patterns which
result when the n, elements are at spacing dl’ while the n, elements
are at spacing Zdl'
In these figures and in other investigations of the directional

patterns, it is apparent that the c:os(dz/dl) ¥ term caused by

-14-
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separation of group centers has the greatest effect in narrowing the
principal lobe.

(=]
C. Data Processing by Correlation Circuits,

Data processing by correlation circuits offers an attractive
possibility for improving the presentation of the information avail-
able from an antenna array. Such a system could be based on the
multiplication of the output voltage of one linear array by the output
voltage of a second linear array in which a progressive phase.shift
has been introduced. For example, using again a toFal of six elements:
3

AR XX

31 [9e] [#] [l (3] [

ol AVG. |

By providing a number of phase shifted circuits with the pr‘égressive
phase shifts chosen to form directional patterns whose maxima
occur at the zeros of the unshifted pattern or at the sidelobe maxima
of the unshifted pattern, a number of such correlations processes
can be carried out. By combining these correlation voltages into a
single output voltage, an improved directional pattern is formed.
Figure 4 shows this resulting pattern for the six-element

array, Theunshifted pattern is given by

sin 6(y/2)

Pé( Y = sin(y

The phase.shifted patterns are given by

gin 6%—(\]} +a)

Py(¢) =
6 6 sin — ({ + a)

where a =vw/6, w/3, w/2, 2n/3, 5=/6, and .

~18~
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By fully utilizing all of the phase shifted circuits connected to these
six elements, it would be possible to provide a number of antenna
patterns. with main beams displaced (equally in' { )} throughout 360°,
all from a stationary array. This multiple-beam antenna is not new,
but the improved beamwidth provided by the correlators permits

a refinement in performance without increasing the overall length of
the array.

Using the same six elements to provide unshifted as well as
phase shifted voltages will not permit elimination of noise voltages
by, averaging. And it does not take advantage of the beam narrowing
feé;tﬁre of the c,os.(dZ/dl),\p term present when the linear arrdys are
separated. Thus' some improvement in performance would be expected
from splitting the elements into two separated linear arrays, with
progressive phase shifting applied to one of th’e“se-resultin'g arrays.
Figrue 5 shows the pattern which respults when the six elements are

i
formed into two uniformaly spaced three-element linear arrays.

7 7 1717

| NI

. x

AVG.

sin 3(4,/2) gin 3.21..( q’ia)
3 sinf 3 sin (4 + a)

Po(g) = cos(3Y + a)

wherg a =0w/3, 2w/3, and .

-21-



Appendix 1: THE PROBABILITY DISTRIBUTION FOR THE OUTPUT
NOISE VOLTAGE OF A TWO-ELEMENT CORRELATION
ARRAY.

A random distribution of noise sources surrounding a two-element
antenna array will induce voltages which can be represented by
Stétioha.ry time series withGaussian probability distributions. The
noise voltages can thus be completely described statistically by
specifying their cross- and auto- correlation functions. Each noise
source will induce a voltage on one element which is identical
to that induced on the cther element, but with a time delay factor
due to the finite time of travel of the wavefront from one element
to the other. As shown previously, the cross- and auto-correlation
functions of the total induced voltage can be obtained by summing
the contributions .of the individual sources, For a uniform distri-

bution of independent nvise sources and rectangular band limiting:

_ sin wBs ~ sin wBs
LPII(S) = 4‘“’31'] ——-—;;-B-—g cOSs (DOS = Rn(O) *TI’-B-S-_ cOoS8 wo‘s
sin k(‘_f?,@_) Sin('!-}zi) sin wBs :
4112(8) = Rn(o) k('srBd ) (-erBd ) nBs cos wos
c c )
g8in rBs
= R.n("l') '-1—"‘73—&——— CcoOs wos
where:

1) noise sources in element of angle d2 produce noise power
ndQ watts/cps;
2) B is bandwidth, W, is center frequency;

®
3) k= v_r% , and d is element spacing.

w2Z=



The elements of the system can be represented as:
0, (4) ny(t)

[AVG]

Vout(t) .
When nl(t) = nz(t), the circuit is that of a square law detector;

the statistics of this system have been studied by several authors. 12

Emerson has shown that the probability distribution of the output
voltage of the square law detector is determined by the eigenvalues
of a linear, homogeneous, integral equation whose kernel is a function
only of the correlation function of the input voltage and the impulse
reasponse of the circuit employed as an averager.

Using this general method Lampard3 has obtained an explicit
solution for correlated input voltages, but only for the case of no
postmultiplier filtering.

Although it appears that there is no explicit solution to this
general antenna noise probllem when postmultiplier filtering is
employed, the resulting distribution can be represented by an infinite
series whose significant terms can be calculated. If these input
noise voltages have bandlimited Gaussian distributions, the output
from the averaging circuit can be expressed in terms of an infinite
series and displayed graphically in a manner similar to that used
by Emerson.

The output voltage of the circuit is written as a convolution

t
vo(t) = S.O nl(t«u)nz(t-mu)h(u) du

L Emerséﬁ, R.C., "First Probability Densities for Receivers with
Square Law Detectors", Jour. Appl. Phys., vol. 24, no. 9, pp1168-
1176, Sept. 1953,

2 Meyer, M. A. and Middleton, D., "On the Distribution of Signals
and Noise After Rectification and Filtering, " Jour. Appl. Phys.,
vol. 25, pp1037-1052, Aug. 1954,

3 Lampard, D.G., "The Probability Distribution for the Filtered
Qutput of a Multiplier Whose Inputs are Correlated, Stationary, Gaussian
Time-Series, " IRE Trans., vol IT-2, no, 1, pp 4-11, March 1956,
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where h(u) is the impulse response of the averaging circuit, Since,
for this antenna situation, nl(t) differs from nz(t) only by the time

delay factor + , the output can be written

o

. oot
v (t) = S‘O nl(t-u)nl(t + 7 = u)h(u) du.

The moments of the output distribution can be determined directly:

t
voltE = 50 nl(tmu§n1¢t + 1t - ujh{u) du

For this perfect averaging circuit

—é, 0<u<t
h(u) = -
0, elsewhere
Then

t
K1=W=°§..§O Y 2(0) du

where tpij(s) = niltinjit-i-s) are the correlation functions for the

bandlimited noise voltages,

KZ = Vo(t)

t At
1
;2 §O S(‘) n—l(t~u$n2(t—u)n1(t~v)nz(t-v) du dv

]

t t
;12 50 Sko [4}12(0)2 +:¢11(U—V)2 +_¢12(u-v)2] du dv.

. . 2 2
.The.variance is ¢ = KZ - K1 .

A general expression for the moments could be written in the form of

an integrated integral



t t
; 1
- . - - - - -
Ki = voiti = éi S\O . .SO nl(t xl)nz,(t xl) nl(t xi)nz(t xi)

dx1 - - - dxi.

The output probability distribution can now be determined in terms

of a Gram-Charlier series, type A. 4,5 If we introduce the normalized

variable
vo(t) - voiti

v o= P
M o ¥

then a convenient expansion for the probability distribution of y is given

by the series grouped according to Edgeworth:

1 2

& —

ply) = € Zy {‘1 + C3H3(Y) + [C4H4(Y) + CéHé(Y)] t o= } s

1
N 27

where Hn(x) is the Hermite polynomial of degree n defined by

dn =lx2 n -—l-x2
-d;-ﬂ (e 27 ) = (-1) Hn(x) e 2 ,
where '
Ci = M
(i ?)o—l

and My is the i-th central moment, obtained from Ki’ the i~-th moment,
To illustrate the change in the probability distribution of the
output voltage with increasing averaging time, let us consider two
isotropic antenna elements in a uniformly distributed noisy medium
with an elgment spacing d = % . For this element spacing,
Rn('r)) = = Rn(O).
With no postmultiplier filtering the distribution is given explicitly
by Lampard:

25



p(vg) = 2[4 (0% - 4 ,(0°]" 2 expfy,

—

o 4, (0)

vl
(07 - 4,07 T 0 g (0) (00

where Ko(x) is the modified Bessel function of the second kind and
zero order.

With postmultiplier averaging included, the equations for the first
three central moments of the distribution are:

n

t
p1=w = —t}-go -RH(T) du = Rn(T)) = -;_-R. (0) .

t ~t . 2
. 2 1 2, 2, sin"@wB(u-v) 2 :
= =~ [R_(0)™+R_(1)7] ——=— cos"w_(u-v)} du dv,
Fa= " t—z 50 SC% 8 n’ ] [wB(u-v)] “o J

t ot ot
_ 1 2., . 3, sinawB(u-v) sinswB(v-w)
B3 = :3 50 SO 5.0{ [6Rn(0) Ry(7)+ Zgn(z) ] wB(u-v) . wB(v-w)

sin 7w B(w-1)

Ty ©08 @,(u-v) cos w (v-0) cos w (w-u) } dudv do .

The output probability density functions are now expressed in
terms of the Gram-~Charlier series. They have been plotted in Figure 6
for selected values of the bandwidth~averaging time product, Bt.

The coefficients have been obtained by neglecting the terms in the

cos wo(u—v) products which represent the high frequency residue,

Since in a typical circuit W, >>B, they are vanishingly small fnr values
of Bt considered here. Actual solution of the integrals to obtain the
series copefficients was carried out on a Bendix G-15 digital computer.

For the case Bt = C (no averaging) the curve is exact, and the
effect of all frequencies is considered.

For Bt =1, Bt; 2, and Bt = 4, the convergence if fairly rapid

(three terms of the series required) for graphical accuracy in regions

Y

ST ~26-

[}



near the mean, Accuracy. for the extremes is not claimed, but would
require additional terms in the series. - |

It will be noted that the tendency toward normality with increasing
Bi (iﬁcrea‘sing averaging time) is proncunced. Thisg is in general
.\'aig. eement with the results observed by Emerson for the square law
: 'c'i‘éfeé,tor and would be expected from the general behavior of integrated

tioise derivable from the Central Limit Theorem,

-27-
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